In this paper, we propose an economic feedback model predictive control (MPC) scheme to improve energy conversion efficiency of wave energy converters (WECs) and guarantee their safe operation over a wide range of sea conditions. The proposed MPC control law consists of two terms: one state feedback gain designed offline to maximize operating range and one term calculated online to maximize the energy output. Compared with the existing MPC strategies developed for the WEC control problem, the proposed feedback economic MPC strategy has the following distinguishing advantages: First, the satisfaction of safety constraints and the recursive feasibility can be guaranteed to ensure WEC's safe operation in a large range of sea states. Second, the novel MPC can notably improve energy production efficiency. Third, the controller design procedure is more convenient and straightforward compared with the existing MPC strategies. The efficacy of the proposed MPC strategy is demonstrated by numerical simulations with a point absorber as a case study. By comparison with a representative existing MPC strategy, the proposed economic MPC can significantly improve energy output.
Economic Feedback Model Predictive Control of
Wave Energy Converters power potential estimated in the world [1] . To meet the increasing demand of clean energy worldwide, tremendous research efforts have been focused on generating electricity from waves. Although many different types of wave energy converters (WECs) have been invented, wave energy is still not mature for commercialization compared with other renewable energy sources, e.g., wind energy and solar energy [2] . Two of the main challenges of wave energy technology are the low energy conversion efficiency in particular sea states and limited safe operational sea states due to the high risk of device damage [3] . It is well-accepted that efficient and reliable control strategies for WECs are crucial to improve their energy conversion efficiency and safety in a range of sea states. Early wave energy control methods are mainly based on impedance matching principle, that is, the maximal energy output can be achieved when the natural frequency of a WEC matches the dominant frequency of the incoming waves. However, these WEC control methods are most effective for idealized regular waves and can become complicated and inconvenient to implement in real sea conditions.
The WEC control problem is essentially a noncausal energy maximization (EM) control problem subject to the limits of the motion of the device and the capacity of the actuator, and it can be resolved by the recently advanced optimal control strategies [4] , [5] to approximate the noncausal optimality identified in [6] . By noncausal we mean the current optimal control input is dependent on the future wave profile [6] . The EM control problem for WECs can be potentially resolved by economic model predictive control (MPC) [7] . Originally motivated by process control problems [8] , the topic of economic MPC received extensive research attentions with remarkable theoretical developments achieved [9] - [11] . Inspired by the idea of economic MPC, some WEC MPC methods [12] , [13] have been developed to tackle the WEC control problem that can directly maximize energy output. However, most of these existing WEC MPC strategies are open-loop MPC methods, which have two major drawbacks restricting their applications. First, they cannot guarantee recursive feasibility. Briefly speaking, the feasibility of an MPC controller is determined by the current state of the WEC, the current and predicted wave profile, and the constraints on state and input. When the MPC for WEC control is not feasible, no solution can be found by the MPC optimization algorithm, and constraints have to be violated to find a feasible solution. In real applications, significant constraint violations can cause catastrophic failure for WEC operations. The existing MPC strategies for WEC control cannot guarantee recursive feasibility, which means the feasible solution of the MPC algorithms cannot be ensured to be found at each sampling instant. Second, the range of sea states that the WEC can safely operate in is significantly influenced by the selection of objective functions. In fact, maximizing energy output and maximizing the range of safe operational sea states are conflicting control objectives. This is because, to maximize the energy output, large oscillations of the WECs are more desirable, but also more likely to bring infeasibility and violation of safety constraints problems. The existing open-loop MPC strategies with one objective function combining both objectives require a suitable tradeoff of the two objectives, which is not only difficult to determine, but also result in both limited operational range and reduced energy conversion efficiency.
In this paper, we propose an economic feedback MPC framework to resolve the aforementioned drawbacks of the existing open-loop MPC. Research [14] - [16] show that to guarantee the recursive feasibility and robust satisfaction of safety constraints for systems subject to persistent disturbance, the MPC has to be implemented over state feedback policies, instead of open-loop actions. Based on this concept, the proposed economic feedback MPC scheme explicitly preserve recursive feasibility and satisfaction of constraints for safety concerns. The economic feedback MPC law consists of two terms: a state feedback gain that is designed offline and one term calculated by online optimization. The novelties of the proposed method include the following.
1) The recursive feasibility and constraints satisfaction are guaranteed all the time for the given sea states.
2) The mutually conflicting control objectives can be separately treated, which makes the controller design and tuning more convenient and straightforward. To maximize the range of safe operational sea states is accomplished by design of a state feedback gain and the energy output is maximized through resolving the online optimization problem. The abovementioned features enable the proposed feedback economic MPC to fully utilize the potential of a WEC and the capacity of power take-off (PTO) and enhance the survivability, so that the unit cost of the generated electricity can be significantly reduced. Moreover, the proposed economic feedback MPC design method also simplifies the optimal tuning procedure of the WEC controller, and the tuning weights can be computed via offline optimization conveniently. In comparison, a manually tuned standard MPC controller can only be based on trial-anderror and cannot achieve the desired tradeoff. Only a well-tuned existing standard MPC cannot guarantee recursive feasibility and constraint satisfaction, which is clearly demonstrated in the simulation.
The rest of this paper is organized as follows. In Section II, the dynamic modeling of a single WEC is established and the corresponding constrained optimal control problem is formulated. The economic feedback MPC scheme is formulated in Section III and the implementation is demonstrated in Section IV. Numerical simulations are demonstrated in Section V to verify the efficacy of the proposed methods. Finally, Section VI concludes this paper. 
Notations:
We denote the set of integers from m to n by I [m ,n] ; the set of nonnegative integers by I ≥0 ; the set of all real numbers by R; the set of all nonnegative real numbers by R ≥0 . The space of real n-dimensional vectors is denoted by
and a i|k denote elements at time i predicted/estimated at time k. Let a k denote a column vector [a k |k , . . . , a k +n p −1|k ], where n p is the wave prediction step.
For subsets A ⊂ R n and B ⊂ R n , the Minkowski set addition is defined by
II. WEC DYNAMICS MODELING AND PROBLEM SETUP
We present the economic MPC method using a point absorber (PA) as a case study, which is constrained in heave motion only for harnessing wave energy. Note that the economic feedback MPC method proposed in this paper is generic and can be applied to other types of WECs. We briefly explain the working principle of the PA, whose schematic diagram is shown in Fig. 1 . The heave displacement of the buoy and the wave surface level are denoted as z v and z w , respectively.
The buoy is floating on the sea surface, which is attached to a piston within a hydraulic cylinder fixed to the sea bed. The persistent wave excitation force drives the buoy, which creates a relative heave motion between the piston and the cylinder. The kinetic energy is captured by a PTO mechanism. The PTO mechanisms used to capture WEC energy vary for different WEC designs, while the most popular ones are based on direct linear generators [17] , [18] and hydraulic motors connected to electricity generators [19] , [20] . Since the generator torque or force is proportional to the force acting on the piston F u , we use F u as the control input without loss of generality. We do not consider nonlinear hydrodynamics in this paper to simplify the analysis and controller design. The linearized model has sufficient fidelity for small and medium sea states and some well-designed WECs, e.g., M4 [21] .
The WEC modeling method used in this paper is similar to [22] and [23] . The free-body diagram of the float is shown in Fig. 2 . By applying Newton's second law, we have
where m s is the float mass; the restoring force F h is computed by
with the hydrostatic stiffness k s = ρgS. Here, ρ is water density, g is gravitational acceleration, and S is the cross-sectional area of the float. F r and F exc are the frequency-dependent radiation force and excitation force, respectively. The control oriented modeling of the radiation force F r is determined by
where m ∞ is the added mass at infinite frequency; F d represents the convolutional term of the radiation force, which can be computed by
h r is radiation impulse response that can be computed via hydraulic software packages, such as NEMOH [24] . The convolutional term in (4) F d can be approximated by a causal finite dimensional state-space model
where (A r , B r C r , 0) and x r ∈ R n r are the state-space realization and the state, respectively. With the state-space modeling of (5) , the control oriented full-order state-space model of (1) can be represented by
where w :
with m := m s + m ∞ . To formulate the MPC scheme, the continuous time model (6) needs to be converted to a discrete-time model with a sampling time t s ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩
Here, z k represents the heave displacement and v k represents the heave velocity. The WEC linear optimal control development in the remaining paper will be based on this discrete-time model. With the WEC dynamic modeling direction defined in Fig. 2 , the power output at time instant k is
and energy output for a period from time instant 0 to k can be represented as
For safe operation purposes, we restrict the float's heave motion and heave velocity so that the state constraints can be expressed as
where Φ max and v max are the float heave motion and heave velocity limits, respectively. Due to the limitation of PTO mechanism capacities, the WEC is also subject to control input constraint expressed as
where u max is the maximal control input force acting on the piston. In summary, the WEC controller design objective is to maximize the energy output expressed by (10) subject to constraints (11) for sea conditions with maximum heave elevation profiles satisfying
with a n p -step wave excitation force prediction
Here, w max represents the maximum of the wave heave magnitude that allows the safe operation of the WEC. A larger w max means the WEC can be safely working in higher sea states. This WEC noncausal optimal control problem can be tackled by recursively solving the following constrained optimal control problem based on MPC's receding horizon concept:
Here, the first element of u * k is used as the control input at time instant k.
Note that the MPC problem for WECs is substantially different from the conventional MPC problem, which invalidates the direct employment of the existing MPC algorithms. This is mainly due to the following distinguishing features of the WEC MPC control problem: 1) While the traditional MPCs usually aim to regulate states or track a reference leading to a convex quadratic programming, the control objective of WEC MPC is to maximize the energy output, whose stage cost v k +i|k u k +i|k may not be necessarily definite leading to a nonconvex cost function. 2) In a WEC MPC design problem, due to the presence of persistent wave excitation force, the asymptotic convergence to a particular optimal operation state cannot be easily achieved. To ensure safe operation of a WEC, the constraints on states and control input (11) are required to be satisfied for all possible incoming waves in a particular sea condition satisfying (12) .
3) The WEC MPC resolves a noncausal optimal control problem online. The information of short-term wave prediction w k can be incorporated into the WEC controller to further improve the control performance. 4) Unlike the traditional MPC, where the effects of external disturbances need to be attenuated, the WEC MPC aims to absorb energy from the incoming waves as the excitation disturbances by achieving resonance for EM.
III. FEEDBACK ECONOMIC MPC STRUCTURE DESIGN
As discussed in Section I, the existing WEC MPC [12] , [13] , generally cannot guarantee the recursive feasibility, and the state feedback MPC policy can solve this issue. However, in a WEC control problem, due to the unavailability of direct measurements of all the states, especially those corresponding to the radiation dynamics D r (s). A state observer is required to retrieve the full state information. Considering the aforementioned aspects, we propose the economic feedback MPC framework
where F is the offline designed feedback coefficients;x is the estimated state; c is the auxiliary variable to be online calculated. Remark 1: The economic feedback MPC framework allows us to separately maximize the WEC control system's ability to cope with harsh sea conditions to cover a wide operational range of sea states via the design of feedback coefficient F, and maximize the potential energy output subject to constraints by online resolving an optimization problem to derive c k .
A. State Observer Design
To estimate the full information of the states, based on the availability of wave prediction (13), a Luenberger observer is designed with the following form
where w k |k is the estimation of current wave excitation and defined in (13); y k is the measured output
where C z and C w defined in (6) . Here, (A, C) is assumed to be observable. L is the observer gain designed with the radius ρ(A − LC) < 1, so that the information of the real state x k can be recovered by estimated statex k with an acceptable error ξ k := x k −x k . Remark 2: Note that due to the presence of input and state constraints, the separation principle of controller and observer design is no longer valid in a straightforward manner. Thus, the effects of estimation need to be explicitly studied in the controller design to avoid constraints violation.
Comparing (8) with (17), we have [26] . Moreover, the error ξ k → 0 with k → 0 and w k |k = w k .
Assumption 1: We assume that the observer gain L is properly designed so that E is sufficiently small.
This assumption holds throughout the paper and can be easily satisfied since (A, C) is observable and the poles of the observer can be located at desirable locations by L. Based on the observer design theory, a large gain causes fast convergence of the state estimation error. However, the implementation of an observer with a large gain can be very demanding for the computational speed of a microprocessor. Thus, a good tradeoff for this gain needs to be found for real-time implementation.
B. Constraints Handling
Although a numerically tractable MPC algorithm can be designed based on (14) with the preview information of incoming waves, e.g., [13] , the recursive feasibility for optimization problem (14) cannot be guaranteed. This drawback significantly increases the risk of catastrophic device damage, which reduces the confidence of wave energy control engineers to implement this type of MPC algorithm in real applications.
To proceed with the constraint handling design, the state and input constraints (11) and the disturbance bound (12) are represented by x ∈ X, u ∈ U and w ∈ W , respectively, where X, U , and W are defined by
Here, C z and C w are defined in (6); Φ max and v max are defined in (11) ; w max are defined in (12) .
To guarantee the satisfaction of constraints defined by (11) and the recursive feasibility, we further impose the constraint satisfaction (14c) for all i ≥ 0.
Lemma 1: The requirement of x k +i ∈ X, u k +i ∈ U for all i ≥ 0 and for all possible incoming wave profiles in certain sea conditions w k +i ∈ W can be guaranteed by imposing tightened constraintsx k +i|k ∈ X k ,ū k +i|k ∈ U i for i ∈ I [0,n p −1] and x n p +k |k ∈ X T on the auxiliary state and input trajectories predicted using the following auxiliary system
wherex k is the estimated state information provided by the Luenberger observer (16) and the tightened constraints are defined by
where A F := (A + B u F ), A L := (A − LC); X, U , and W are defined in (19) ; E is defined in Remark 3; Σ is is the maximal output admissible set (MOAS) defined by
Proof: By comparing (20) with (8), we have
The tightened constraints (21) are satisfied for the state and input trajectories determined by (20) such that x k +i − ξ k +i|k ∈ X ∼ E and u k +i ∈ U for i ∈ I [0,n p −1] and x k +n p − ξ k +n p |k ∈ Σ. By choosing the terminal local controller to be u k +i = F x k +i for i ≥ n p , and with the definition of (22), we have for all i ∈ I ≥0
Since the state estimation error is bounded by ξ k +i|k ∈ E, we have x k +i ∈ X and u k +i ∈ U for all i ∈ I ≥0 , which completes the proof. 
C. Design of F : Maximization of the Range of Save Operational Sea States
In Section III-B, we propose a constraint handling method for proposed MPC that can guarantee the safe operation of a WEC. The existence of such a control requires the determination of the MOAS. To maximize the range of sea states for the WEC to safely operate in, the feedback gain F is designed such that the resulting MOAS exists for the largest possible disturbance w max , i.e.,
Note that (23) describes a complex optimization problem that does not have analytic solutions. Some numerical methods to approximate the optimal solution of (23) and the resultant MOAS Σ (22) can be found in [27] - [29] .
D. Economic Objective Function Handling: Convexification of Objective Functions
Note that with the original objective function defined in (14a), the resultant constrained optimization problem may not be convex, which can cause excessive computational complexity [13] . Moreover, the direct use of the original objective function can lead to a bang-bang control input, i.e., only the upper and lower limit of control input is used as the control input to achieve optimal control. The frequent switches between the upper and lower limit of control input causes challenges for the implementation of the control and increase the hardware maintenance cost. Moreover, recent studies [13] show that the nonconvexity problem can be solved by appropriately modifying the objective function, which can significantly influence the control performance in some scenarios.
To tackle the aforementioned problems caused by nonconvexity, inspired by [13] , we propose a method to convexify the objective function in an optimal way. In the following, we adopt the following modified objective function:
where the predicted trajectoriesx k +i|k andũ k +i|k are computed from an auxiliary system 
which can be rewritten in a compact form as
where c k := [c k |k , . . . , c k +n p −1|k ]. Coefficients H, F, and G can be found after straightforward matrix manipulations, which Algorithm 1: Implementation of Economic Feedback MPC. 1: Get the short time incoming wave prediction w k . 2: State estimation updates:
wherex k |k −1 is the estimated state computed at the previous time instant k − 1. is the first element of the optimal solution c * k . 4: State estimation update:
whereŵ k is the current wave measurement. 5: Go to the next time instant k + 1 and repeat steps 1 − 4.
are summarized in the Appendix. Note that compared with the original cost function (14a), the second term is added to the modified stage cost (24) to make the objective function convex.
To minimize the effect of this additive term on the overall performance, r is designed so that the effect of the second term in the cost function is minimized. This goal can be accomplished by resolving the optimization problem
IV. IMPLEMENTATION AND RECURSIVE FEASIBILITY
Based on the methods presented in Section III, the economic feedback MPC framework proposed in this paper is shown in Fig. 3 . The design procedure is summarized in the design procedure and the implementation is demonstrated in Algorithm 1.
The existence of feasible solutions can be guaranteed by (23) , which aims to find a feedback coefficient F such that feasible solutions are guaranteed with a sea condition with a maximum wave excitation force w max .
Design Procedure: The economic feedback MPC can be designed via the following procedure: (29), then there exists a feasible solution satisfying (29) at the next time instant k + 1.
Lemma 2: The proposed economic MPC in Algorithm 1 designed following the design procedure is recursively feasible.
Proof: The proof of Lemma 2 can be completed if we show
is a feasible solution at time instant k + 1.
We first observe that the estimated statesx k andx k +1 satisfŷ
which giveŝ
With (31) and (33), we have for i ∈ I [1,n p −1]
The proof can be completed following Lemma 7 from [14] with w, F , Φ, X, U , and W set as w = η, F = F , Φ = A F , X = X ∼ E, U = U , and W = B w W + (A F − A L )E, respectively. Remark 5: In the WEC control problem, the recursive feasibility and robust constraint satisfaction are the critical features because they ensure that a feasible solution of the MPC (29) always exists and the state and input constraints (11) are satisfied all the time under sea state satisfying |w| ≤ w max .
Remark 6: The WEC MPC scheme can separately maximize the range of safe operational sea states and maximize the energy output (27) in those sea states. 
V. NUMERICAL EXAMPLES
In this section, three sets of numerical examples are presented to demonstrate the efficacy of the proposed MPC approach. In Section V-A, after the demonstration of design procedure of the proposed novel MPC, a set of simulations based on a chirping signal is presented to verify the efficacy and robustness of the proposed MPC approach. In Sections V-B and V-C, comparative simulations are provided between the existing WEC MPC [13] and the proposed MPC based on real sea data and Joint North Sea Wave Project (JONSWAP) spectrum [30] , respectively.
The simulations in Section V are based on the model as described in (6) . The parameters adopted in this simulation case are based on a widely studied benchmark WEC model first studied in [22] and summarized in Table I . The state space dynamic model for the frequency dependent radiation force (5) is given by C r = 0 0 1 (34)
A. Simulation Set 1: The Formulation and Robustness Analysis of the Proposed MPC
After discretizing the system with a sampling time t s = 0.1 s, we formulate the economic feedback MPC using Algorithm 1. A wave prediction horizon length of t p = 1 s (equivalent to n = 10 prediction steps) of incoming wave excitation force is assumed to be available at each sampling time using a wave prediction technique. The observer gain L is designed as The estimation error of current wave excitation force is assumed to satisfy |w k |k − w k | ≤ 10%w max , which with (18) , corresponds to the resultant error bound E = e ∈ R 5 : |C z e| ≤ 0.01 . The feedback gain F is designed offline from (23) . In this paper, we adopt a similar approach as [29] , which gives F = −624.92 −1231.1 0.1471 −0.5744 1.1960 and the maximal wave excitation bound for the MOAS Σ to exist is w max = 3.52 kN. This means that the economic feedback MPC can safely work in all the sea states whose maximal wave excitation force is no more than 3.52 kN.
To facilitate the economic feedback MPC design, we compute the tightened state constraints X k for k ∈ I [0, 9] , the tightened input constraints U k for k ∈ I [0, 9] , and the terminal constraints X T using (21) . Fig. 4 shows the projection of the tightened state constraints X k for k ∈ I [0, 9] and the tightened terminal constraint X T on x 1 −x 2 plane. Since the system is of the 5th order, it is not possible to directly plot the sets as they are in a five-dimensional (5-D) Euclidean space. For better visualization and demonstration purpose, we project the sets from a 5-D Euclidean space into a two-dimensional Euclidean space, where each axis has physical meaning, i.e., the x 1 −x 2 plane. The tightened control input constraint sets U k for k ∈ I [0, 9] are illustrated in Fig. 5 , which shows the size of the sets shrinks with the increase of the prediction steps.
The objective function of (24) is employed, where the coefficient r is designed using (27) . Since the original cost function with r = 0 cannot yield a convex optimization with respect to c, the minimal r for the resultant objective function to be convex is computed as r = 3.518 × 10 −4 .
To test the constraint satisfaction and robustness of the methods, a segment of 500-s chirp signal shown in Fig. 6 is used as the excitation force. The magnitude of the chirp signal is 3.52 kN, and the frequencies sweep from 1 to 0.1 Hz. Fig. 7 shows the state and input trajectories. We can see that although the trajectories are generally very close to the boundaries to achieve better performance in terms of the energy output, the state and input constraints are straightly satisfied. Fig. 8 shows the energy output. We can see that a significant amount of energy is produced during the 0-350 s, corresponding to 1-0.37 Hz. This result shows that besides large operational range, the economic feedback MPC proposed in this paper also has satisfactory power absorption performance.
B. Simulation Set 2: Comparsive Simulation Results Between the Existing MPC and the Novel MPC
In Section V-B, to further test the efficacy of the proposed economic feedback MPC, a set of comparative simulations is provided based on real sea wave data gathered off the coast at Cornwall, U.K., which generate the following wave excitation force profile shown in Fig. 9 , after scaling according to the size of the PA.
For the proposed economic feedback MPC and existing WEC MPC [13] , we adopt the same objective function form (24) . As calculated in Section V-A, the novel MPC is designed with r = 3.518 × 10 −4 . However, constraints violation occurs and the existing MPC results in an infeasiblility issue, when using the existing MPC with the same r = 3.518 × 10 −4 .
By trial and error, we find that the weight r need to be tuned r ≥ 4.026 × 10 −4 to guarantee the feasibility and constraints satisfaction. Otherwise, for example, the existing MPC with r = 4.025 × 10 −4 cannot yield a feasible solution at 44.4 s.
Since the existing MPC can be tuned with different r via trial and error, before moving to the comparisons between different MPC strategies, we first investigate the relationship between the energy output and different turning r. Fig. 10 shows the energy output when the WEC is controlled by the existing MPC with different turnings, whose result is summarized in Table II . We can see that the best energy output tuning scenario is 333.2 kJ with r = 4.026 × 10 −4 . Figs. 11-14 show the comparative time simulations among the following. [13] with the best tuning via trial and error r = 4.026 × 10 −4 (red dash line). Note that in this case, the existing MPC is tuned for maximal energy output only purely based on trial and error, which in fact, can easily lose its efficacy in similar sea scenarios. Here in the Cases 1 and 3, wave excitation force prediction is assumed to be accurate. However, the predictions obtained from start-of-the-art prediction techniques inevitably come with uncertainties. To further study the influence of the prediction errors in the performance of the proposed control method, we deliberately add 10% of statistical prediction discrepancies in Case 2, which is notably greater than those with the state-ofthe-art wave prediction techniques [31] , [32] . Figs. 11-13 show the control input responses, heave displacement response, and heave velocity response, respectively. The state and control input constraints are satisfied for the three cases. We can also find that the maximal magnitudes of the state and control input are very similar, which not only shows a fair comparison basis, but also demonstrates that both control methods are pushed to their maximum limits for energy conversion. Fig. 14 compares the energy outputs of the three cases. The energy output using the existing MPC and the economic feedback MPC are 333.2 and 420.3 kJ, respectively, which represents an 26.1% of energy increase. This is partially due to the fact that the state and input trajectories shown in Figs. 11-12 using the economic feedback MPC are closer to the boundary most of the time compared with the existing MPC, which means the limits of the WEC design and the PTO mechanism (e.g., the torque of a PTO generator) are utilized much more efficiently. Fig. 14  also shows that by using the inaccurate predictions, the energy output is 418.9 kJ, which represents a very minor performance degradation compared with using the accurate predictions. The result clearly shows that the proposed economic feedback MPC is robust to wave excitation forecasting inaccuracies. 
C. Simulation Set 3: Simulation Results Based on JONSWAP Spectrum.
In this section, simulations based on different JONSWAP spectrum are presented to show the efficacy of the proposed economic feedback MPC method in different sea scenarios. Fig. 15 demonstrates the energy output based on JONSWAP spectrum with a significant wave height H s = 1.2 m and a peak period T p = 4 s. In this case, the existing MPC need to be retuned via trial and error to retain the maximal possible energy output, while the novel MPC proposed in this paper uses the same tuning. This clearly shows the advantage of the novel MPC framework for its simple design. The energy output of the novel MPC is 390.8 kJ, while the energy outputs of the existing MPC with r = 4.1 × 10 −4 , r = 4.0 × 10 −4 , and 3.998 × 10 −4 are 315.1, 332.3, and 333.8 kJ, respectively. Note that if we further tune the existing MPC with r = 3.997 × 10 −4 , the infeasibility and constraints violation occur. Fig. 16 shows the energy output based on JONSWAP spectrum with significant wave height H s = 1.2 m and peak period T p = 7 s. In this case, the existing MPC with neither r = 3.998 × 10 −4 nor r = 4.026 × 10 −4 as tuned in Section V-B can ensure feasibility for the 200 s. To avoid constraints violation and infeasibility, the weights r need to be retuned to r ≥ 4.061 × 10 −4 . The energy output of the novel MPC is 417.3 kJ, while the energy output of the existing MPC with the best possible tuning r ≥ 4.061 × 10 −4 is 312.1 kJ, which represents an 33.7% of energy output improvement.
The average time of running a step of the simulation using the novel economic feedback MPC and the existing MPC are 0.0116 and 0.0067 s, respectively. This result indicates the additional computational burden of using economic feedback MPC compared with using existing MPC is minor and both of them are significantly smaller than the sampling time t s = 0.1 s.
VI. CONCLUSION
In this paper, we proposed an economic feedback MPC scheme that not only can prominently improve energy conversion efficiency of WECs, but also guarantee their safe operation over a wide range of sea conditions. Safety features as the recursive feasibility and robust constraints satisfaction were guaranteed, which can remarkably boost its application potential. The effect required to tune the controller was also notably reduced. This paper also provided a sufficient condition guaranteeing the safe operation of WECs, which can be useful for WEC operation engineers to switch-OFF the WEC to avoid device damage when the incoming wave excitation magnitude exceeds the maximum designed bound w max . This condition can also be used as a guideline for WEC design engineers to modify their designs of WECs and PTO mechanisms so that the modified WECs can operate in a wide range of sea states.
THE FORMULATION OF H, F, G IN (26)
From (25), we have the predicted heave velocity and control input trajectoriesṽ k := [C vxk |k , . . . , C vxk +n p −1|k ] andũ k := [ũ k |k ,ũ k +1|k , . . . ,ũ k +n p −1|k ], respectively, can be calculated bỹ
where 
